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Abstract
In this paper we investigate when a connected space has a connected preimage with some
additional properties. In particular we completely characterize the continuous and the quotient
images of metric connected spaces. Our results answer several problems posed by V.V. Tkachuk.
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1. Introduction
The study of those connected spaces which have nice connected preimages has not
received a systematic attention till a recent paper of Tkachuk [13]. In his paper the author
shows, among other things, that a connected Tychonoff space with countable network need
not be represented as a continuous image of a connected sequential Hausdorff space, and
that every connected Tychonoff space is an open continuous image of a connected left
separated strictly σ -discrete Tychonoff space.
Motivated by some problems posed in [13], we concentrate our attention to some classes
of connected spaces which are continuous or quotient images of metric (or paracompact)
connected spaces, moreover we give an example of a sequential connected T4-space with
countable network which has no finer first countable connected (even dense in itself)
topology.
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Recall that a subset of a space is said to be sequentially closed if together with any
sequence it contains all its limits. A space in which every sequentially closed subset is
closed is called sequential.
We refer the reader to [4] for notations and terminology not explicitly given.
2. Spaces which are continuous or quotient images of metric (or paracompact)
connected spaces
In this section we answer affirmatively to the following questions (see [13, Prob-
lems 3.1–3.3]):
(a) LetX be a Tychonoff sequential (first countable) connected space. IsX a continuous
or a quotient image of a connected metric space?
(b) Is any Hausdorff (Tychonoff) connected space a continuous image of a normal
(paracompact) connected space?
Theorem 2.1. A space is a quotient image of a connected metric space if and only if it is
connected and sequential.
Proof. Since sequential spaces are precisely the quotient images of metric spaces [6], let
us show that every connected sequential space X is a quotient image of a metric connected
space.
Let q : (M,d)→X be a quotient mapping, where (M,d) is a metric space.
It is straightforward to show that the following function ρ defined on M × [0,1]:
ρ
(
(y1, t1), (y2, t2)
)= d(y1, y2)+ t1 + t2 if y1 = y2,
ρ
(
(y1, t1), (y2, t2)
)= |t2 − t1| otherwise,
is a metric.
Let Z be the quotient set of M×[0,1] obtained identifying the points (y1,1) and (y2,1)
whenever q(y1)= q(y2), and let π :M × [0,1]→ Z be the canonical projection.
Now define the following metric σ on Z:
σ
(
π(y1, t1),π(y2, t2)
)= ρ((y1, t1), (y2, t2)
)
if q(y1) = q(y2),
σ
(
π(y1, t1),π(y2, t2)
)=min{ρ((y1, t1), (y2, t2)
)
,2− (t1 + t2)
}
otherwise.
Now let p : (M × [0,1], ρ)→ X be the mapping defined by p(y, t) = q(y) for every
(y, t) ∈M × [0,1], and let f : (Z,σ )→X be the mapping given by f ◦ π = p.
Since p−1(G)= q−1(G)× I for every G ⊂X, q is a quotient mapping and a set A is
open in (M,d) if and only if A× I is open in (M × [0,1], ρ), it follows that p is quotient.
Moreover π , as a map from (M × [0,1], ρ) onto (Z,σ ), is continuous.
We claim that f is a quotient mapping.
Let A be a subset of X such that f−1(A) is open in (Z,σ ), since p is quotient and
p−1(A) = π−1(f−1(A)) is open in (M × [0,1], ρ) it follows that A is open in X. Now
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let us show that f is continuous. First observe that π(B × [0,1[ ) and π(q−1(x)×]0,1])
are open in (Z,σ ) for every open subset B of (M,d) and every x ∈X. Now let us take an
open subset A of X, since q−1(A) is open in (M,d) and f−1(A)= π(q−1(A)× [0,1[ )∪⋃
x∈Aπ(q−1(x)×]0,1]) it follows that f is continuous.
It remains to show that (Z,σ ) is connected. If A and B are non-empty open disjoint
subsets of (Z,σ ) such that Z = A ∪ B , then there is a partition {C,D} of X such that
A=⋃{f−1(x): x ∈ C} and B =⋃{f−1(x): x ∈D}.
Since A= f−1(C), B = f−1(D) and f is quotient, it follows that C and D are open,
so X is disconnected, a contradiction. ✷
A space X is called sequentially connected if there are no non-empty disjoint
sequentially closed subsets A and B of X such that A ∪ B = X. Clearly every connected
sequential space and every pathwise connected space is sequentially connected.
Theorem 2.2. A space is a continuous image of a connected metric space if and only if it
is sequentially connected.
Proof. Let M be a connected metric space and let f :M → (X, τ) be a continuous
surjection. Let us show that (X, τ) is sequentially connected.
Call τseq the coarsest topology on X in which every sequentially closed subset of (X, τ)
is closed. Clearly if (X, τseq) is connected, then (X, τ) is sequentially connected. Let σ be
the quotient topology on X induced by f . Now (X,σ) is a connected sequential space and
τseq ⊂ σ , therefore (X, τ) is sequentially connected.
Now let us show that every sequentially connected space X is a continuous image of a
connected metric space. We may assume that X is infinite.
Let S be the set of all convergent sequences in X formed by distinct points, and let (Y, d)
be the hedgehog ([0,1] × S)/∼ of spininess |S|.
Set Yx = {x} × Y for every x ∈X and Z =⋃{Yx : x ∈X}.
Let ρ be the metric on Z given by:
(a) ρ((x, y1), (x, y2))= d(y1, y2) for every x ∈X and y1, y2 ∈ Y ;
(b) ρ((x, t, s), (y, t ′, s′))= 1
n
+ 2− (t + t ′) whenever x = y , s = s′ and the following
condition holds: (x = sn ∈ s ∧ y ∈ lim s)∨ (y = sn ∈ s ∧ x ∈ lim s);
(c) ρ(z1, z2)= 1, otherwise.
For example, if s = (xn)n ∈ S converges to some x , then ρ((x,1, s), (xn,1, s))= 1n for
every n.
(i) (Z,ρ) is connected. Suppose not, and let A and B be non-empty disjoint closed
subsets of (Z,ρ) such that A ∪ B = Z. Then there are two non-empty disjoint subsets C
and D of X such that A=⋃{Yx : x ∈C}, B =⋃{Yx : x ∈D}. Clearly C ∪D =X.
We will reach a contradiction if we show that C and D are sequentially closed in X.
Let s = (xn)n ⊂ C and suppose that x ∈ lim s (we may assume that s ∈ S). Since
ρ((x,1, s), (xn,1, s))= 1n for every n, it follows that (x,1, s) ∈ A= A, therefore x ∈ C,
and C is sequentially closed. Similarly D is sequentially closed.
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(ii) X is a continuous image of (Z,ρ). Let f : (Z,ρ)→ X be the mapping given by
f (Yx)= {x} for every x ∈X. We claim that f is continuous.
Let A be closed in X. It is enough to show that f−1(A) is sequentially closed in (Z,ρ).
Take a convergent sequence (zn)n ⊂ f−1(A) and let z= lim zn.
So there are x ∈ X and xn ∈ A such that z = (x, t, s) and zn = (xn, tn, sn) for every n.
We may assume that: (xn)n ∈ S , x = xn and ρ(z, zn) < 1 for every n.
Clearly s = sn and xn ∈ s for every n, and xn→ x . So x ∈A=A and z ∈ f−1(A). ✷
Remark 2.3. A space X is called (T2-)subsequential if it has a sequential (T2-)extension
(see, e.g., [7]). One may ask if there is some relationship between a sequentially
connected space and a connected subsequential space. As we shall see, they turn out to
be independent.
(i) A connected T2-subsequential space which is not sequentially connected.
For every n ∈ ω let Xn be the subspace {n} × [0,1] of the Euclidean plane and set
X=⊕{Xn: n ∈ ω} ⊕ (ω+ 1). Let ∼ be the equivalence relation on X given by:
(a) (n,0)∼ n for every n ∈ ω,
(b) (m,1)∼ (n,1) for every m,n ∈ ω.
Now call Z the quotient space X/∼ and set Y =Z \ {[n]: n ∈ ω}.
Clearly Z is a Hausdorff space and Y is connected.
Moreover Z is sequential (it is a quotient of the metrizable space X), therefore Y is
T2-subsequential.
Since Y \{[ω]} and {[ω]} are sequentially closed in Y , it follows that Y is not sequentially
closed.
(ii) A sequentially connected T5-space which is not subsequential.
Let X = ([0,1]× (ω1+1))/∼ be the hedgehog of spininess ℵ1, X is a connected metric
space. Let Z be the quotient space of X⊕ (ω1 + 1) obtained identifying [(1, α)] with α for
every α ∈ ω1 + 1.
Clearly Z is a hereditarily normal space which is a continuous image of X, although
Z is not subsequential (Z contains a copy of the ordinal space ω1 + 1, which is not
subsequential).
A space X is countably tight (or has countable tightness) if for every A⊂ X and every
x ∈ A there is a countable B ⊂ A such that x ∈ B . It is clear that every subsequential
space has countable tightness. Clearly the space given in Remark 2.3(ii) has not countable
tightness, moreover observe that for every m> ℵ0, Im is another example of a (compact)
sequentially connected T2-space which is not countably tight.
It is known that under Proper Forcing Axiom (PFA) every compact Hausdorff space
of countable tightness is sequential ([1], see also [2,3]), although, under the Jensen’s
principle ♦, there are nonsequential countably tight compact Hausdorff spaces [5,10]. On
the other hand it is an open question, in ZFC, whether every (countably) compact Hausdorff
subsequential space is sequential ([7], see also [9]).
Therefore it is natural to pose the following
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Question 1. Let X be a subsequential continuum. Is X a continuous (quotient) image of a
connected metric space?
Remark 2.4. Another property which should be considered is σ -sequentiality. Let us
recall that a space X is σ -sequential if X =⋃{Xn: n ∈ ω} where each Xn is a closed and
sequential subspace of X (see, e.g., [11]). Clearly every σ -sequential space has countable
tightness. However the space constructed in Remark 2.3(ii) and Im for every m > ℵ0 are
examples of sequentially connected spaces which are not σ -sequential. Moreover there is
a countable connected Hausdorff space (hence σ -sequential) which is not a continuous
image of a connected metric space, i.e., it is not sequentially connected [13, Example 2.5].
Question 2. Let X be a σ -sequential continuum. Is X a continuous (quotient) image of a
connected metric space?
Remark 2.5. Supercompact spaces, introduced by De Groot [8], are spaces X which
possess an open subbase S such that every cover of X consisting of members of S has
a subcover of at most 2 members. It is well known that every compact metric space and all
Tychonoff cubes Im are supercompact, nevertheless the quotient of the sum of two copies
V × {1} and V × {2} of the long segment V obtained identifying (ω1,1) with (ω1,2) is a
connected supercompact space which is not sequentially connected.
Question 3. Let X be a connected supercompact T2-space of countable tightness. Is X a
continuous (quotient) image of a connected metric space?
Remark 2.6. Observe that, under PFA, the answer to the above problems is positive. On
the other hand, it is worth noting that the cone over an Ostaszewski’s (or Fedorcˇhuk’s)
space is a consistent example of a sequentially connected compact Hausdorff space of
countable tightness which is not sequential.
Theorem 2.7. Every connected Hausdorff space is a quotient image of a paracompact
connected space.
Proof. Let X be a connected Hausdorff space and let K be the set X ×X endowed with
the topology in which:
(i) every point (x, x ′), with x = x ′, is isolated;
(ii) {V × {x}: V neighbourhood of x in X} is a neighbourhood base for K at (x, x) for
every x ∈X.
Set Y =K × [0,1] and let σ be the topology on Y generated from the product topology
by the addition of all sets of the form {κ}× ]0,1] where κ ∈K .
Let Z be the quotient space of Y obtained identifying the set {x} ×X × {1} to a point
for every x ∈X, and let π :Y →Z be the quotient mapping.
For any a = (x, x ′, t) ∈ Y , with t = 1, we will make the assumption, for the sake of
simplicity, that π(a)= a.
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Clearly Z is a Hausdorff space.
(1) Z is connected. Clearly Zx = π(Yx), where Yx = {x} × X × [0,1], is (pathwise)
connected. Now let {A,B} be an open partition of Z, then there is a partition {C,D} of
X such that A =⋃{Zx : x ∈ C} and B =⋃{Zx: x ∈ D}. We reach a contradiction by
showing that C and D are open in X.
Take x ∈ C, then (x, x,0) ∈ A, then there is a neighbourhood V of x in X such that
V × {x} × {0} ⊂A, therefore V ⊂ C and C is open. By symmetry D is open too.
(2) Z is paracompact. Since Z = π(K × [0, 12 ]) ∪ π(K × [ 12 ,1]), it is enough to show
that both these closed pieces are paracompact subspaces of Z. Clearly (K × [ 12 ,1]) is
paracompact, so let us show the paracompactness of (K × [0, 12 ]).
Set Fx = X × {x} × [0,1] for every x ∈ X, and observe that Y =⊕{Fx : x ∈ X} ∼=
K × [0, 12 ] ∼= π(K × [0, 12 ]). Let us note that {x}× {x}× [0,1] is a closed and open subset
of Fx for every x = x.
Let x ∈ X and let U be an open cover of Fx . Choose Ux ∈ U such that ( x, x,0) ∈ Ux
and let V be a neighbourhood of x in X such that V × {x} × [0, ε] ⊂Ux for some positive
number ε. Now choose, for every x , a finite open refinement Ux of {U ∩ ({x} × {x} ×
[0,1]): U ∈ U}.
Set Vx = Ux if x /∈ V , and set Vx = {U ∩ ({x} × {x}× ]ε,1]): U ∈ Ux} otherwise.
It is clear that
⋃
x Vx ∪ {Ux} is an open locally finite refinement of U .
Now it remains to show that the mapping f :Z→X defined by f (x, x ′, t)= x for every
(x, x ′, t) ∈Z, is quotient. First observe f−1(C)=⋃{Yx : x ∈C} for every C ⊂X. Clearly
f is continuous. Moreover if f−1(C) is open, then C is open by the same argument given
to show the connectedness of Z. ✷
3. A counterexample
Recall that a family N of subsets of a space X is called a network for X if any open
subset of X is union of some subfamily of N .
The following example gives a negative answer to the following problem (see [13, Prob-
lem 3.4]): does every Tychonoff sequential connected space with countable network have
a finer Tychonoff second countable connected topology?
Example 3.1. A sequential connected T4-space with countable network which has no finer
first countable dense in itself topology.
Proof. Let p be the open filter on R generated by {⋃nκ ]n− εn,n+ εn[ : κ ∈ N, εn ∈
]0,+∞[ }, and let σ be the topology on R ∪ {p} in which the points of R have the usual
neighbourhoods and basic neighbourhoods of p are of the form A∪ {p} with A ∈ p.
Set X = (R ∪ {p}, σ ).
Clearly X is a T3-space, moreover R is dense in X, so X is connected.
(i) X is sequential. Let A be a non-closed subset of X, we may assume that A=A∪{p}.
Since A ∩ N must be infinite (otherwise there is some κ ∈ N such that n /∈ A for every
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n κ , so for every n κ there exists some εn > 0 such that ]n− εn,n+ εn[∩A= ∅, and
p /∈A, a contradiction), it follows that A contains a sequence converging to p.
(ii) X has countable network. Let B be a countable base for R, then N = B ∪ {B ∪
{p}: B ∈ B} is a countable network for X.
(iii) X is a T4-space. Let C1 and C2 be two disjoint closed subsets of X, we may assume
that p /∈ C1. Since C1 and C2 \ {p} are disjoint closed subsets of R there are two disjoint
open subsets U and V of R such that C1 ⊂ U and C2 \ {p} ⊂ V . Since X is regular there
are two disjoint open subsets G and H of X such that p ∈G and C1 ⊂H . Now it is enough
to observe that U ∩H and G∪V are two disjoint open subsets of X containing C1 and C2
respectively.
(iv) There is no dense in itself first countable topology τ on R ∪ {p} such that σ ⊂ τ .
Suppose that τ is such a topology and let {An: n ∈ N} be a nested neighbourhood base
for (R ∪ {p}, τ ) at p. If for every n there is some xn ∈ An \ (N ∪ {p}) with xn > n,
then A = R \ {xn: n ∈ N} ∈ p, so A ∪ {p} is a neighbourhood of p in (R ∪ {p}, τ )
which does not contain any An, a contradiction. Therefore there is some n ∈ N such that
An ∩ [n,+∞) ⊂ N . Since V =]n,+∞[∪{p} ∈ σ ⊂ τ , there is some m  n such that
Am ⊂ V , so Am ⊂ [An ∩ [n,+∞)] ∪ {p} ⊂N ∪ {p}. Since Am = {p}, it follows that there
exists κ ∈N ∩Am, therefore ]κ − 12 , κ + 12 [ ∩Am = {κ} ∈ τ , a contradiction. ✷
Remark 3.2. The above example should be compared with the following result: a
first countable infinite connected Tychonoff space admits a strictly finer connected first
countable Tychonoff topology [12, Corollary 5].
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